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Abstract. We use a result of Barron, Dong and Mason to give a natural 
isomorphism between the category of twisted modules and the category of 
quasi-modules of a certain type for a general vertex operator algebra. 



1. Introduction 

In the theory of vertex operator algebras, for a vertex operator algebra V, in 
addition to the notion of ^-module one has the notion of cr-twisted ^-module where 
(T is a finite order automorphism of V. For a T^-module W, each element v d V is 
represented by a vertex operator 

Ywiv^x) e Iloin{W,W{{x))) C (End W)[[x,x-% 

where these vertex operators are mutually local in the sense that for u,v E V, there 
exists a nonnegative integer k such that 

{xi ~ X2)''[Ywiu,xi),Ywiv,X2)] = 0. 

Twisted modules were first introduced and used by Frenkel, Lepowsky and Meur- 
man in their construction of the moonshine module vertex operator algebra V''^ (see 
(Ll| . (FLMp . Let y be a vertex operator algebra and let a be an automorphism 
of order N. For a cr-twisted F-module W (|El], |FLM| . |FFRj . |D]), each element 
i; of y is represented by a twisted vertex operator 

Ywiv,x) e'Roin{W,W{{x^/^))) C (End W)[[x^^^ , x^^/^]], 

where these twisted vertex operators are also mutually local. 

In a recent work |Li3| . to associate certain (infinite-dimensional) Lie algebras 
with vertex algebras, we studied what we called quasi local vertex operators (cf. 
|GKKp . Let W be any vector space. A subset S of }iom{W,W{{x))) is said to 
be quasi local if for any a{x), b{x) € S there exists a nonzero polynomial p{xi, X2) 
such that 

p{xi,X2)a{xi)b{x2) = p{xi,X2)b{x2)a{xi). 
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It was proved therein that any maximal quasi local subspace has a natural vertex 
algebra structure and any quasi local subset generates a vertex algebra. This par- 
ticular result generalizes the main result of |Lil) . which states that for any vector 
space W, any set of mutually local vertex operators on W generates a vertex alge- 
bra with W as a natural module. However, the space W under the natural action 
is not a module for vertex algebras generated by quasi local vertex operators on 
though a certain weaker version of Jacobi identity was proved to hold. This 
motivated us to introduce a new notion of quasi module for a vertex algebra. For 
a quasi module W for a vertex algebra V, each element w of is represented by a 
vertex operator 



Yw{v,x) e Rom{W,W{{x))) C (End W)[[x,x-^]] 



and the vertex operators Yw{v, x) for v € V form a quasi local subspace. 

On twisted modules for vertex operator algebras there is a conceptual work 
|BDM| . in which for any vertex operator algebra V and for any positive integer k, 
a canonical isomorphism was established between the category of ^-modules and 
the category of twisted modules for the tensor product vertex operator algebra V'^'' 
with respect to permutation automorphisms. In BDM], a central role was played 
by the geometric change-of-coordinate x = z'^. It has been known (|2], [Hl-3], 
cf. |L2p that for any vertex operator algebra V and for any f{z) G -zC[[2;]] with 
/'(O) ^ 0, the change-of-coordinate x = f{z) gives rise to a "new" vertex operator 
algebra structure on V , which was proved to be isomorphic to V . A special change- 
of-coordinate played a very important role in the study of modular invariance of 
graded characters (|7], ;DLM2 ). 

It has been well known (cf. £Zj) that (untwisted) affine Lie algebras together 
with their highest weight modules can be naturally associated with vertex operator 
algebras and their modules. Furthermore, twisted affine Lie algebras together with 
their highest weight modules (see |Kj) can be associated with twisted modules for 
those vertex operator algebras (cf. |FLM| . |Li2p . On the other hand, it was 
proved in Li3 that twisted affine Lie algebras, which are represented in a different 
form, together with their highest weight modules, can be naturally associated with 
quasi-modules for the vertex operator algebras associated with the untwisted affine 
Lie algebras. This suggests that there exist a natural connection between twisted 
modules and quasi modules for a general vertex operator algebra. 

The main purpose of this paper is to give a natural connection between twisted 
modules and quasi-modules for a general vertex operator algebra. Indeed, the 
goal has been achieved by using |BDM| . thanks to Barron, Dong and Mason for 
their beautiful work. What we have proved is that the same change-of-coordinates, 
used by Barron, Dong and Mason, give rise to a natural isomorphism between the 
category of twisted modules and the category of quasi-modules of a certain special 
type. 

We thank Yi-Zhi and Kailash for organizing this great conference, in honor of 
Professors James Lepowsky and Robert Wilson. I am very grateful for having Jim 
and Robert as teachers and as friends as well. 
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2. Twisted modules and quasi-modules 

We here present the main result, a natural isomorphism between the category 
of twisted modules and the category of quasi-modules of a certain type for a general 
vertex operator algebra. 

First, we recall the definitions of the notions of twisted module and quasi- 
module. Let V ~ Yinez ^(n) ^ vertex operator algebra, fixed throughout this 
section. For the definition and basic properties we refer to IFLMj and |FHLj . Let 
a be an automorphism of V of order N (a positive integer). Then V = Y[j=o^ ^"' j 

where = {u ^ V \ <j{u) — uj''j^u} and ojn = exp(27r-\/— l/iV), the principal 
primitive A^-th root of unity. 

A weak a -twisted V -module (cf. |FLM| . |FFR| . [D], jPLMlp is a vector 
space W equipped with a linear map 

Yw : V ^ }iom{W,W{{xir))) c (End 

(2.1) v^Yw{v,x) 
such that 

Ywi^jx) = 1\Y (the identity operator on W), 

and for u,v € V, 

1^ [ — — ) Yw{u,xi)Yw{v,X2) - X(7^(5 ( — — ] Yw{v,X2)Yw{u,xi) 

\ xo J \ -xo J 

(2.2) = ^ E ^^i'^ (^5v (^^^) " ) Yw{Y{a^u, xo)v, x^) 

(the twisted Jacobi identity). Note that as a convention, for a G M, the expressions 
{xi ± 2:2)" are understood as the formal series in the nonnegative integral powers 
of the second variable X2- That is. 



(a;i ± X2T = J2 ( " ) (±l)'2^r'4 G 



If u G with < J < — 1, the twisted Jacobi identity becomes 

1^ [ — — ) Yw{u,xi)Ywiv,X2) - x^'^S [ — — ] Ywiv,X2)Yw{u,xi) 

\ Xo J V -Xo J 

j_ 

(2.3) ^ x^ 51 — — — II — — — 1 Yw[Y(u,xo)v,X2). 
By taking w = 1, one obtains 

(2.4) Yw{u, x) € xTTRoiaiW, W{{x))). 
This particular property amounts to 

(2.5) Yw(cru,x) — hm Yw(u,x). 

Remark 2.1. Note that the above defined notion of cr- twisted F-module, which 
is the one defined in jDLM2| and |BDM| . corresponds to the notion of cr~^-twisted 
y-module in [DLMlj . 
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The twisted Jacobi identity is equivalent to the following weak commutativity 
and associativity ( |DL| . |Li2p : For u,v £ V, there exists a nonnegative integer k 
such that 

(2.6) (xi - X2)''[Ywiu,xi),Yw{v,X2)] = 0, 

and for u G , v £ V, w E W, < j < N — 1, there exists a nonnegative integer I 
such that 

(2.7) {xq + X2y^^^'^Yw{u,xo + X2)Ywiv,X2)w 
= {x2+XQy-^/^Yw{Y{u,xo)v,X2)w. 

From now on we fix an automorphism a of order TV for the fixed vertex operator 
algebra V. Set 

(2.8) G = (cr) C Aut(y) (the fuU automorphism group of V). 

Let (f> : G be the (injective) group honiomorphism defined by 4'{(J-') — Luj^ 

for j = 0, . . . ,7V - 1. 

A quasi V -module |Li3| is a vector space W equipped with a linear map 



Yw ■■ V ^ Hom(Ty, VF((x))) C (End x^^]], 
V Yw{v, x) 

such that 

Yw{'i-,x) = IvK, 

and for u,v d V, there exists a nonzero polynomial p{xi, X2) such that 

1^ ( — — ) p{xi,X2)Yw{u,Xi)Yw{v,X2) 

\ xo J 

-Xq^6 ^-^3^— '-^ p{xi,X2)Yw{v, X2)Yw{u, xi) 

(2.9) = X2^S(— —] p{xi,X2)Yw{Y{u,xo)v,X2) 

\ X2 J 

(the quasi Jacobi identity). 

Definition 2.2. A quasi F-module {W, Yw) is called a (G, (j))-quasi V -module 
if for any u^v €V , there exists a nonnegative integer k such that H2.9|) holds with 
p{xi,X2) = [xi — X2)'' and such that 

(2.10) lV((/)(g)-^(")<?(ti),x) - Yw{u,<P{g)x) iov g e G, u e V. 
Follow |BDMj to define a„ G C for n e Z+ by 

(2.11) -p(- E - ^-^(1+^)"-^' 

where Z+ denotes the set of positive integers, and then set 

(2.12) An{x) = exp I ^ anX-^/^L{n) ) n-^^°^ x^^/^-'^^^^^l 
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an invertible element of (End a;"^/^]]. We have 

(2.13) AAr(x^)-i = (iVa;^-i)^(°) exp | - ^ a„a;-"L(r 

As in |BDM| we shall also heavily use the expression A^ix^^)^^ . For convenience 
we set 

(2.14) $(a;) = ANix'^y^ G }loin{V,V[x, x~'^]). 
The following result was proved in |BDM| : 
Proposition 2.3. For any u eV, we have 

(2.15) An{x)Y{u, xo)An{x)~^ = Y{An{x + xo)u, {x + x^f'^ - x^/^) 
in (End V)[[x^^,x^T']], and 

(2.16) $(x)r(u, xo) = r($(x + xo)u, [x + xa)^ - x^)<^{x) 
in (End F)[[x^\x±i]]. 

Remark 2.4. Recall from |BDM| the interpretation of the formal variable 
notations in ProT)Osition l2.3l First, for any nonzero a S -^Z, under the convention 
we have 

(a; + .xo)" - = (")2;"-*a;J, = x"-ixo(a + xo/), 

where / = Y.t>2 (")^^"'^o"^ ^ R[a::"^][[a:o]]. For n e Z, it is understood that 
{{x + xo)" - x")" = ^ a"^'^:^/' € x""a;^M[a;, a;-i][[a;o]]. 

Then for u, w G we have 
Y{u, [x + xor - x'^)v = J2 ^mv {{x + xoT - x^-'"'-' e y[x±i/^]((xo)). 

This explains the formal variable notations in Proposition l2.3l As we shall mention 
in the following Remark, we shall also use another (different) substitution. For this 
purpose, we also write 

^)\z = (x+xo)''—x<' .x>>xo 

for this particularly defined expression Y{u, {x + xq)" — x"). It was showed in 
BDMj . page 363, that for h,a E -^Z, 

(2.17) {x^ + zo)''Uo=(,,+,o)o_,= ,,,»,„ = ix2 + xor\ 
Warning: The following expansion 

(^-a;")"U=(.+x„)" = 5](-l)^f"Vx + xo)"("-*)x- 



ieN j£N 

is an infinite divergent sum if n < 0. 



i:i:(-i)-(:)("';,."°)-"''-^-i 



6 



HAISHENG LI 



Remark 2.5. Wc shall need a different substitution z = [x + xq)^ — x^ for 
rational powers z", a e -^Z. Let p(a;o,a;) = a;§ + x(7(a;o,x), where fc is a positive 
integer and (/(xqjX) is a polynomial. We consider the following expansion 



p(a;o,x)" = [xl +a;g(xo,a;))" ( ^ j^o *^x*(j(xo, x)* e M[a;o,a:o \[x]], 

and we use the notation 

„a I 

^ l2;=p(a;o,a;),a;o>>a; 

for this particular expansion. That is, 

2 \z=p(xq,x),xo»x — (2^0 ^" 2^) \y=xq{xo,x) 

under the usual convention. In particular, for p(xo, x) = xq + x we have 

^ I2— xo+a:,2;o>>2: (-^0 ^" ■ 

For any h{x(),x) £ R[xo,x] we have 

I 

^ I2— p(a;o,a:)+a;h(a:o,2:),2:o>>a^ 
iGN 



X! ( ■ )^o^" *-'(2:g(a;o,a;) + a;/i(xo,x))' 



rj'GN 

= E E (") ~ ^) ^0"^^''^ i^ii^o + x)r (xhixo, x)y 

rGN jen V-^/ V / 

~ ^ ( 7 j^" Uo=p(a;o,^),^o>>2;(^^(^0, a^))"' 
jeti ■' 

(2.18) = (2o + a;/i(xo,a;))"Uo^p(a;o,a;),xo>>x- 
Using this and (|2.17() we get 

(ZO + a;^)"|zo = (a;o+2;)«-2;",a:o>>a; = ^°'\z={xa+x)'^ ,xo»x 

= i^n + y)°'\y=(xQ+x)'^ -x^ ,xo»x 

(2.19) = (xo + x)~". 
We shall need the following simple result: 

Lemma 2.6. For any a £ , 

(2.20) $(a;)a-^(") = a-^-^(°)$(ax), 

(2.21) a^(o)Aw(x)= lim AAr(x)a^^(°) 

hold in Hom(y, V[x, x~^]) and in Hom(y, y [a; « , x~~\), respectively. 

Proof. We shall just prove the first identity, as the second will follow easily. 
Since [i(0), L{n)] — —nL{n) for n G Z, it follows that 

a^(°)L(n)a--^(°) = a-"L(n). 
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Thus 

= ^ a„(aa;)""L(n). 

rteZ+ 

Using this we obtain 

= (7Va;^-i)^(")«-^(")a^(") exp | - ^ a„a;-"L(n) 



(iV(aa;)^-^)^(°)cxp ( - ^ a„(aa;)-"L(n) 



proving the assertion. □ 

The foUowing is the first half of our main result of this paper: 

Theorem 2.7. Let (W, Yw) he a weak a-twisted V -module. For u , as in 
jBDMj set 

(2.22) Yw{u,x) ^Yw{Hx)u,x^) e (End x^^]]. 
Then {W,Y\y) carries the structure of a {G,<j))-quasi V-module. 

Proof. First, for u e as $(x)u e V[x,x~^], we have 
Ywiu,x) e ilom{W,W{{x))). 

Second, we have 

Yw{l,x)=Yw{l,x'') = Iw, 

as $(a;)l = 1, which is due to the fact that L{n)l = for n > 0. 
Third, from Lemma 12.61 for any A^-th root of unity a, we have 

$(a;)a"-^(°) = $(a.x). 

For g & G, u E V, we have 

Yw{cl){9r'^^°^9{u),x) = Ywmx)^{9)-^(^"^g{u),x'') 
= Yw{<f{cf>{g)x)g{u),x'') 
= lim Ywmcj){g)x)u,z'') 

z^<p{g)x 

= Ywi.u,<l)i9)x), 

noticing that g^{x) = ^{x)9. 

Now it remains to prove the quasi Jacobi identity. Let u,v S V. Since 
^{x)u, ^{x)v G F[x,a;~^], there exists a nonnegative integer k such that 

(2.23) z''Ymxi)u,z)<P{x2)v G V[xf\xf\z]. 
Then 

{zi - Z2 f[Yw{^{xi)u, zi),Yw{Hx2)v, Z2)] = 0, 
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which yields 

(2.24) {x'^ -x^f[Yw(u,xi),Yw{v,X2)]^0. 

Let r be a nonnegative integer such that x^^{x)u e V[x\. Then 

(xo + X2Y'^{xfi + X2)u = {x2 + a::o)''<i>(a;2 + xa)u e V[xq, X2]- 
Furthermore, let w G M^. In view of Remark l2.5l we have 

(xo + X2YYw{u, Xq + X2)Yw{v,X2)w 

= {xa + X2YYw{^{xa + X2)u, (xo + X2)")Yw{'^{x2)v, x^ )w 
= {{xo + X2yYw{^{xo + X2)u, zo + x^)Yw{Hx2)v,x^)w) 

\za = (xo+x^)'^ —x^ ,xo>>X2 

and 

{X2 + xoYYw{Y{u, xo)v, X2)W 

= {X2 + XqYYw{^{x2)Y{u,Xo)v,X2)w 

= {X2 + XoYYw {YmX2 + Xo)u, {X2 + Xo)^ - X^)<S>{X2)V, x^) w 

= {ix2+XoYYw {Y{^{X2+X0)U,Z0)^{X2)V,X^) w) \zo = {x2+xor-x^.X2»xo^ 

using H2.16|l . 

Assume u S with < j < — 1. There exists a positive integer I such that 
{zo + x^y-T^Yw{{xo+X2Y'i'{xo+X2)u,zo + x^)Ywmx2)v,x^)w 
= (xf + zoy^^Yw{Y{{xn + X2Y^{xo + X2)u, zo)^{x2)v,x^)w, 
which gives 

(2.25) z^{zo + x^ y-T^Ywiixo + X2Y'^ixQ + X2)u, zo + X2 )Yw{<S?{x2)v, x^)w 
= Zoi^2 + zoy^T^Yw{Y{{xo + X2Y '^{XQ + X2)U, zo)<^{x2)v, X2 )w, 

where k is the nonnegative integer as in (|2.23|) . Now, we shall perform the substitu- 
tion Zq = (2:2 + a;o)^ — x^, xo >> X2 on both sides. Notice that the expression on 
the right-hand side involves nonnegative integral powers of zq only, so that the sub- 
stitutions zq = {x2+Xo)-^ — X2 , Xq >> X2 and zq — {x2+xo)^ — X2 , X2 >> xq agree 
on the right-hand side. Performing the substitution zq = {x2 + xq)^ ^X2 , xq » X2 
on both sides and using Remark 12. 51 we obtain 

{X0+X2Y^'''-'{{X0+X2f -X^f ■ 

■Yw{'^{,Xq+X2)u, {xq+X2)'^)Yw{^{x2)v,X^)w 

= ({X2 + xoYix^ + ZoY'T^Z^Yw {Y{^{x2 + xa)u, Zo)^{x2)v, X2) wj 

\zo = {x2+Xo)'^ —X^ ,X0»X2 

= (ix2 + XoYix2 + ZoY^TTz^Yw {Y{^{x2 + xa)u, zo)^{x2)v, X2) 

\zo = {x2+Xo)" —X^ ,X2»X0 

- ix2 + xoY^""-' {ix2 + xof ~ x^)" YwiYiu, xo)v, X2)w. 

Thus 

(2.26) [xo + X2Y^''''H{xo + X2f - x^YYw{u, Xq + X2)Yw{v, X2)w 

= {xo + X2r+'''-' {{xo + X2)'' - x^YYw{Y{u,xo)v,X2)w. 
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Combining (|2.24(l and H2.26|l we obtain the following quasi Jacobi identity 

[^^^—^p-^ - X2)^Yw{v,X2)Yw{u,xi)w 

(2.27) = xl.^sl^^^-p^ix'; ~x^fYw{Y{u,x^)v,X2)w. 

Therefore, (VF,1vf) carries the structure of a (G, 0)-quasi V^-module. □ 

Remark 2.8. Let (VF,1V) be any weak F-module. Then the same proof of 
Theorem 12 . 71 shows that (W, Yvv) is a (G, (/>)-quasi ^-module. 

Next we present the second half of our main result of this paper. 

Theorem 2.9. Let (W,Yw) be a {G,(f))-quasi V-module. For u & V , as in 
ppMj set 

(2.28) Yw{u,x) = Yw{^N{x)u,xTr) e (End W)[[xT^ ,x-Tr]]. 

Then {W, Yw) carries the structure of a weak a -twisted V-module. 

Proof. For convenience, let us simply use A(x) for /^n{x) in the proof. First, 
for u e V^, as /\{x)u € V^[a;"'"/^, x^-*-/^], we have 

Yw{u,x) = Yw{l^{x)u,x^) e Hom(T4^,VK((a;^))). 

Second, 

Yw{l.x) = Yw{^{x)l,x^) = Yw{l,x^) = Iw 

Third, for u G as (/>(it) — lon, we have Yw{LOj^^'"^^a{u),x) — Yw{u,ujnx). Using 
Lemma 12.61 we get 

Yw{cr{u),x) = Yw{A{x)(j{u),xTr) 

= lV(^/^°V^^'"^A(a;)«,a;^) 

= lim Ywii^^^"^ ^{x)u, zTf) 

zT^ —tuJMxTT 

= lim Yw{^{x)u,x'^) 

(2.29) = 1 1™ 1 Yw{u,x). 

Next, we prove the weak commutativity and the weak associativity, which amount 
to the twisted Jacobi identity. Let u,v €V. As A{x)u, A{x)v € x^^/^], 
from the quasi Jacobi identity there exists a nonnegative integer k such that 

za ^5 l-^ — ^ — 1 (xi ~ X2)''Ywiu,xi)Ywiv,X2) 

(x^'^-x^'^\ 
-Zq ^(5 — i — (xx - X2)^Yw(v, X2)Yw{u, x{) 



T/N 



(2.30) - x-'/^'s ^St^ (^1 - X2tYw{Y{A{x,)u, z^)A{x2)v, x^/^). 
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It follows that there exists a nonnegative integer k' > k such that 

(2.31) {xi - X2f [Yw{u, xi), Yw{v, X2)] = 0. 

Next, we establish the weak associativity. Let w G W. Assume u G for some 
< j < — 1, i.e., a{u) — uj^w. From H2.29|l . we have 

x-^/^Yw{u,x) e (End W)[[x,x-% 

Let I be a nonnegative integer such that 

X (u, x)w G 

Using the commutation relation (|2.31|l we get 

(2.32) x[-'^''{xi-X2fYwiu,x,)Ywiv,X2)weW[[xi,xl/'']][x-'^'']. 
With (|OT|l . from l|On|l we get 

^^i/AT^ lx^_+zo\ ^ a;,fYwiY{A{x,)u, zo)A{x2)v, x^/'^)u; 



(^{xi - X2)'' Yw{u,xi)Yw{v,X2)'u?j 

{xi - X2)'' Yw{u, xi)Yw{v, X2)'u?j 



- -1 "1 i/AT 

\ -^1 / 

In view of Remark 12.41 substituting zq — {x2 + xq)^^^ — X2^^ ,X2 >> xq we get 

■{xi - X2 fYw{YiAix,)u, ix2 + xoY^^ - x^/^)A(a;2)^;, xl/'')w 
(2.33) = x-'/^'S |^ (^2+Jo)^/^ ^ 1^^^^ _ a;2)'^'yw(u, xi)lW(«, X2)«i) . 

For the expression on the left-hand side, using Proposition 12. 31 we have 
■YwiYiAix^)u, {X2 + xo)i/^ - x\"')A{x2)v, x\"')w 

= ^7^^"^( ^"^+P^''" )xg'(:^. + ^o)"'-^- 

•yw(i"(A(a;2 + x^)u, {X2 + xo)i/^ - a;^/'^)A(x2)i;, x\"')w 

(2^2 + x^f'-^Yw{A{x2)Y{u, x^)v, x'^" )i 



I/JV 
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Then 




Consequently, we have 

{xo + X2y~^^^XQ Ywiu,xo + X2)Ywiv,X2)w 
= {X2 + xoy'^^^x!^'Yw{Y{u, xo)v, X2)W, 

proving the weak associativity. Therefore, (W, Yw) is a weak cr-twisted y-module. 

□ 
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